We propose a scheme for generating the Schrödinger cat state based on geometric operations by a nanomechanical resonator coupled to a superconducting charge qubit. The charge qubit, driven by two strong classical fields, interacts with a high-frequency phonon mode of the nanomechanical resonator. During the operation, the charge qubit undergoes no real transitions, while the phonon mode of the nanomechanical resonator is displaced along different paths in the phase space, dependent on the states of the charge qubit. This generates the entangled cat state between the NAMR and charge qubit, and the cat state for the superposition of NAMR can be achieved after some operations applied on this entangled cat state. The robustness of the scheme is justified by considering noise from environment, and the feasibility of the scheme is discussed.
I. INTRODUCTION
Recently, nanomechanical resonators (NAMRs) have attracted considerable attention both theoretically and experimentally, due to the fact that NAMRs own both classical and quantum properties [1, 2] , which provides unique opportunity for studying quantum properties in macroscopic objects.
Generating large quantum superposition of the macroscopic objects is an essential task in the field of the macroscopic quantum mechanics [3] [4] [5] [6] , which provides a good platform to understand the mechanism of decoherence in macroscopic objects [7, 8] , to check the scope of application of quantum theory [9] and to observe the transition between quantum and classical physics [10] . To this end, the large quantum superposition, like the Schrödinger cat state (simply called 'cat state' in the following), has been realized in various systems, such as trapped ions [11] , photons [12] , superconducting qubits [13] , macroscopic current [14] , and NAMR [15] . However, those schemes are based on the dynamical evolution which is sensitive to quantum fluctuations and definitely unsuitable for preparing macroscopic quantum states. Therefore, it is desirable to find a robust way to creating the cat state against the quantum fluctuation.
On the other hand, the geometric phase is only determined by the path of the state evolution, rather than the initial state distribution or any details of the path [16] [17] [18] [19] . In this way, operations and processes based on the geometric phases are robust to the fluctuation and some other imperfections in the evolution [11-13, 15, 20] . So * Electronic address: boing777@qq.com † Electronic address: liyong@csrc.ac.cn ‡ Electronic address: mangfeng@wipm.ac.cn far there are two kinds of geometric phases. The one taking no dynamical phase is called conventional geometric phase [21] , where removing the dynamical phase from the evolution is essential to the related operations. As a result, although the geometric phase is intrinsically resistant to parameter fluctuation, the additional operations for eliminating the dynamical phases usually bring in unexpected errors. In contrast, the so-called unconventional geometric phase [16] remains a non-zero dynamical phase proportional to the geometric phase by a constant independent of the parameters. As a result, despite involvement of the dynamical phase, all geometric advantages are still possessed in the processing with unconventional geometric phase. In this work, we demonstrate the possibility to generate the cat state by displacement operators from the unconventional geometric phase gate (defined later) in the hybrid system consisting of a charge qubit [22] and a NAMR. Although we have realized that the unconventional geometric phase has been achieved in the system of trapped ions [23] , which is analogous to the model under our consideration, the method working there is not applicable to the NAMR due to much bigger mass of the NAMR making the coupling to the charge qubit negligible. However, it is worth pointing out that the unconventional geometric phase is not robust against the qubit decay, i.e., the charge noise. To overcome this problem, we consider a transmon-type charge qubit in our work, which is insensitive to the charge noise due to a large ratio of the Josephson energy to the charging energy [24] . The decay time of this kind of charge qubit can reach 0.1 ms experimentally [25] .
Different from the previous schemes involving the unconventional geometric phase [16, 18, 19, 23, 26, 27] for quantum computation, our scheme focuses on generating the cat states based on the displacement operators in a geometric fashion, which guarantees the robustness of the cat states of the NAMR. Moreover, in comparison with a recent proposal [4] in which the cat state is created in an optomechanical cavity, the cat state generated in our hybrid system composed of a charge qubit and a NAMR can be more 'macroscopic'. In addition, there is a controllable coupling between the NAMR and the charge qubit, which can be adjusted by the bias voltage on the NAMR. Therefore, the NAMR and the charge qubit can be decoupled after the cat state is generated. As a practical aspect, we suppose that the NAMR owns a very high frequency, which ensures the NAMR remaining in the ground state in the work temperature of the charge qubit. Assisted by the operations based on the unconventional geometric phase with a transmon-type charge qubit, our scheme is robust against the fluctuations from the external light field within the coherence time, and very promising for achievement using currently available techniques.
The paper is organized as follows. In the next section, we introduce the theoretical model and derive the effective Hamiltonian. In Sec. III, we review the implementation of an unconventional geometric phase gate. Generation of the cat states based on the unconventional geometric phase is discussed in Sec. IV, and we justify the robustness of our scheme in Sec. V. A brief conclusion is given in Sec. VI.
II. THEORETICAL MODEL AND THE EFFECTIVE HAMILTONIAN
As shown in Figure 1 , a metallic NAMR which takes mass m, frequency ω m and length L is coupled to a superconducting charge qubit with effective Josephson energy E J and junction capacitance C J by the capacitor C(x) after a static voltage V x is applied. To suppress the charge noise of the charge qubit, we suppose that the qubit is well isolated from the rest circuitry by an additional capacitance C in , forming a transmon-type charge qubit [24] . The capacitor C(x) depends on the displacement x of the NAMR around its equilibrium position. The charge qubit is not only controlled by a DC voltage V 0 , but also driven by two AC voltages V g (t) = V cos ω l t and V ′ g (t) = V ′ cos ω ′ l t via the gate capacitor C g . If the charge qubit works in a near optimal point, which means [C g V 0 + C(x)| x=0 V x ]/2e ≈ 0.5, and the charge energy E c is much less than the effective Josephson energy E J [24, 30] , the charge noise can be effectively suppressed, and the transition frequency between the first excited and ground states is ω 0 ≈ √ 8E J E c /h [28] . By neglecting the higher-order terms regarding the multi-photon excitations, the Hamiltonian describing our model in the rotating-wave approximation is given by (in units of h = 1) [28, 29] where σ z = |e e| − |g g|, σ + = |e g|, and σ − = |g e| with the excited and ground states |e and |g in the charge qubit, respectively. The operator a (a † ), which is the annihilation (creation) operator of the NAMR, can be written as
with p being the momentum operator of the NAMR. In Eq.
(1), the first two terms describe the free Hamiltonians of the charge qubit and the NAMR, respectively. The third term shows the interaction relevant to the bias voltage V x , i.e., a capacitive coupling between the NAMR and the charge qubit, with the strength
governed by the charging energy E c , the Copper pair number N x = C(0)V x , the zero-point motion amplitude of the NAMR X 0 = 1/ √ 2mω m , and the distance between the charge qubit and the NAMR d. The last two terms describe the qubit driven by two classical fields with the frequencies ω l and ω ′ l , and the Rabi frequencies Ω and Ω ′ , respectively. In the interaction picture, the Hamiltonian can be rewritten aŝ
with the detunings for the phonon mode of the NAMR and the classical fields from the charge qubit, respectively, i.e., ∆ c = ω 0 − ω m , ∆ = ω 0 − ω l , and To generate the entanglement state for the NAMR cat state based on the displacement operators, we derive below an effective Hamiltonian by employing the method proposed in Refs. [18, 27, 31, 32] under the following conditions:
The first condition together with the second condition can completely cancel the Stark shifts caused by the two driving fields and other related terms. Under the large detuning condition (3), the charge qubit, initially in the ground (excited) state, only virtually exchanges phonons with the field of the NAMR if the operation time is fully within the decoherence time. Moreover, the last condition ensures that the terms proportional to |g| 2 are negligible. Therefore, we obtain the following effective Hamiltonian Figure 2 , the effective Hamiltonian (5) presents the main feature of the interaction Hamiltonian (4), particularly within the decoherence times of the transmon-type charge qubit and the NAMR (i.e., t < 50 µs [15, 25, 28, 33] ).
III. THE TOTAL DISPLACEMENT OPERATOR AND THE UNCONVENTIONAL GEOMETRIC PHASE
We present below how to achieve the total displacement operator and generate the unconventional geometric phase in the NAMR-qubit system using the effective Hamiltonian (5). As a starting point, we describe the derivation of the unconventional geometric phase based on the displacement operator along an arbitrary path in the phase space [16, 17, 23, 26, 27] . For a displacement operator of the bosonic field,
where α is the time-dependent displacement parameter for the creation operator a † of the bosonic field (i.e., the phonon mode of the NAMR in this scheme), respectively. After experiencing a path which is divided in the phase space into N short straight sections ∆α m (m = 1, 2, 3, · · · ), the total displacement operation is given by [16, 17] ,
where the Baker-Campbell-Hausdorff formula has been employed. For N −→ ∞, the total displacement operator is reduced to
with the total unconventional geometric phase
Different from the conventional geometric phase which removes the dynamical phase, this total path includes both the geometric phase and the nonzero dynamical phase with the dynamical phase proportional to the geometric one [16] . As a result, this total phase Θ is an unconventional geometric phase [16] . When the path is closed, the total displacement operator is rewritten as
where the total phase Θ is only determined by the area of the loop in the phase space, rather than other factors, such as the quantized state of the bosonic mode [17] . According to the definition of the unconventional geometric phase, in the infinitesimal interval [t, t + dt], the system governed by the effective Hamiltonian Eq. (5) for different states of the charge qubit evolves as follows,
where dα g = iλ * e −iδt dt, dα e = −iλ * e −iδt dt, and |θ u (t) (u = g, e) is the state of the nanomechanical phonon mode, which depends on the qubit state |u at the time t.
If the NAMR is initially in the vacuum state |0 , and the charge qubit is prepared in its ground (excited) state |g (|e ), after an interaction time t, the evolution of the system takes the form of
with
and
We define the operations in Eq. (12) as unconventional geometric phase gate. Eq. (13) shows that, under the condition of t = 2lπ/δ (l = 1, 2, 3, · · · ), the displacement parameter α u for the state |u moves along a closed path and returns to the original point in the phase space of the coherent state |α u . Within a definite period of time, e.g. from t = 2lπ/δ to t = 2(l + 1)π/δ, the state regarding the phonon mode of the NAMR first evolves from a vacuum state to a coherence state, and then evolves back to the vacuum state again. The generated unconventional geometric phase can be controlled by adjusting the detuning δ [see Eq. (5)].
We would like to point out that the above geometric phases related to the excited and ground states are the same [see Eq. (14)]. This is trivial since it is a global phase. To get the non-trivial unconventional geometric phase, one can introduce a third level as an auxiliary [18] , which is not governed by Hamiltonian (5) and can be used for quantum computation by means of this non-trivial unconventional geometric phase [16, 18, 19, 23, 26, 27] .
In our case here, however, we did not induce such a third level and thus the involved unconventional geometric phases are identical for the two levels of the charge qubit. This is because we just focus here on generating entangled cat states between the NAMR and charge qubit by means of the state-dependent displacement operation in a geometric fashion, rather than based on the phases. Nevertheless, the unconventional geometric phase gate operation guarantees the robustness of the entangled cat state for the NAMR and charge qubit in the next section. That results from the fact that the parameter fluctuations can be absorbed into the global phase factor by the unconventional geometric phase gate operations.
IV. THE CAT STATE WITH THE STATE-DEPENDENT DISPLACEMENT OPERATOR
We show specifically how to generate the entangled cat states of the NAMR by the effective Hamiltonian (5) using the state-dependent displacement operator by the unconventional geometric phase gate described in last section.
Suppose that the initial state of the NAMR is in the vacuum state |0 , and the charge qubit is initially in the superposition state (|g + |e )/ √ 2. The evolution of the system governed by Eq. (12) is given by
which is the entangled state between the NAMR and the charge qubit. In this case, a large enough displacement parameter α u (e.g., |α u | ≫ 1) for the state |u guarantees the generated coherent state with a large phonon number, while the geometric phase produced only works as a global phase. Nevertheless, the unconventional geometric phase gate makes sure the robustness in the generation of the entanglement regarding the NAMR cat state. According to Eqs. (13) and (14), the above entangled state (15) at t = π/2δ is reduced to
where α =
) and the global phase has been ignored. The definition of the parameter α shows that the average phonon number in the coherent state can be changed if we adjust the detuning δ. Therefore, it is possible to get very large phonon coherent states in the entangled state which takes a parameter α ≃ Ωg δ∆ with δ ≪ |λ| and δ ≪ ∆ in the ideal condition.
In addition, once we turn off the bias voltage after finishing the operations above, the NAMR and the charge qubit are decoupled. By a single qubit operation, i.e., |e → (|g − |e )/ √ 2 and |g → (|g + |e )/ √ 2 [33] , on the charge qubit, Eq. (16) changes as
After the measurement is performed on |g and |e of the charge qubit, the final states in Eq. (17) collapse into the cat states (|α + | − α )/ √ 2 and (|α − | − α )/ √ 2 of the NAMR, respectively, which can be detected by applying a static magnetic field and an alternating current [28] .
V. SIMULATION AND DISCUSSION
We estimate numerically how well our scheme works under noisy environment. For convenience of the discussion, we take the entangled cat state in Eq. (16) as an example by considering decays from the charge qubit and the NAMR. So the master equation for our scheme is given bẏ
where ρ is the reduced density operator of the system, Γ and γ are the charge qubit decay rate and the NAMR decay rate, respectively. Note that the thermal phonons of the NAMR have been ignored in Eq. (18), due to the assumption that the thermal phonons can be neglected since the high-frequency NAMR can be remained in its ground state at the work temperature (T = 20 mK) of the charge qubit [15, 33] . We define the fidelity of the entangled cat state
where t is the time for producing the entangled cat state, and |Ψ is a target state relevant to the initial state. In our scheme, the initial state and the target state are (|g + |e )|0 / √ 2 and (|g |α +|e |−α )/ √ 2, respectively. Using the realistic parameter values from Refs. [15, 28, 30, [33] [34] [35] [36] , we show in Figure 3 the numerical results for the fidelities of the generated state and the corresponding average phonon number T r(ρ(t)a † a) versus the decays of the charge qubit and the NAMR with respect to different Rabi frequencies, where we consider ±10% change of the Rabi frequency by parameter fluctuations.
Our simulation shows the fidelity for the generated entangled state decreases with the increase of the decays. Here, we suppose γ 0 =(50 µs) −1 (Γ 0 =(100 µs) −1 ) as the realistic transmon-type charge qubit (NAMR) decay rate [15, 25] . Figure 3 (a) means that the fidelity of the entangled cat state is sensitive to the decays of the charge qubit and the NAMR, and the unconventional geometric phase gate can be robust against the parameter fluctuation rather than the qubit decay. The decay of the charge qubit causes the flip of the charge qubit states and the decay of the NAMR leads to the phonon leakage from the coherent states.
Moreover, according to the discussion in Section 4, the operation time for preparing the entangled cat state strongly depends on the detuning δ [see Eq. (13)]. Provided fixed Rabi frequencies regarding the driving fields and the NAMR, the phonon coherent state can be very large if δ is very small. However, we need a long time to achieve the large coherent states in such a case, which is usually longer than the decay time. In contrast, if δ is very large, the operation time can be very short, but the average phonon number in the entangled state is very small. As a trade-off, the detuning δ must be chosen carefully to be small enough but make sure the operation to be finished within the decoherence time of the system. Considering the parameters in Figure 3 , we may set the operation time t = 1.25 µs, and then we can find that the lowest average phonon number of the entangled cat state in our simulations is n = 0.347 (See the lowest point in red dashed-dotted line in Figure 3 (b) ). In the absence of decoherence and parameter fluctuations, the corresponding maximal value of n in Figure 3 can reach 1.0, which is larger than n = 0.1 proposed in Ref. [4] .
In addition, there are some other factors affecting the fidelity of the generated entangled cat state under the noisy environment. These factors include the uncertainties and fluctuations of the parameters, which can change the average phonon number in the coherent state. As an example, we have calculated in Figure 3 (a) the influence due to 10% fluctuation in the Rabi frequency, which demonstrates the robustness to the fluctuations to some extent. Particularly, we find that −10% fluctuation of the Rabi frequency (i.e., 0.9Ω 0 ) corresponds to a higher fidelity of the entangled cat state, which is due to the fact that the average phonon number in the coherent states is proportional to the Rabi frequency n = |α| 2 ∼ | Ωg δ∆ | 2 , when the operation is performed within the time for finishing a quarter of a Rabi oscillation. This implies that the less Rabi frequency leads to less average phonons in the coherent state (see Figure 3 (b) ), which is less sensitive to the decay of the NAMR. Nevertheless, the simulations in Figure 3 show that the validity of our scheme is restricted by the charge qubit decay, since the scheme based on the geometric phase is never robust against the qubit decay.
VI. CONCLUSION
In conclusion, we have shown the possibility to achieve the cat state of the NAMR in a NAMR-charge qubit system. The key point of our scheme is the employment of the state-dependent displacement operator based on the unconventional geometric phase gate, which makes the cat state generated with a geometric feature. As a result, our scheme owns some distinct advantages, such as the robustness against the parameter uncertainties and fluctuations, the feasibility of the ground state of the NAMR in the work temperature of the charge qubit, independent control of the charge qubit and the NAMR, and the possibility of producing large cat states. In addition, our scheme can also be extended to the Von Neumann measurement based on geometric feature of the operations [37] . Particularly, we argue that our scheme can be achieved using currently available techniques.
